A semi-analytical method is proposed to analyze both axisymmetric and asymmetric vibrations of thin opened spherical shells with elastic boundary conditions and discontinuity in thickness. To establish the governing equation, the method is involved in dividing the shell into many narrow strips in meridional direction, and those strips are approximately treated as conical ones with uniform thickness. Flügge shell theory is used to describe the motions of strips and displacement functions are expanded as power series. Artificial springs are employed to restrain displacements at edges so that arbitrary boundary conditions can be analyzed. By assembling all continuity conditions of adjacent strips and boundary conditions, the governing equation is established. In numerical results discussion, many comparisons of frequency parameters of present method and those in literature are firstly presented and they illustrate high accuracy and wide application of present method. Furthermore, influences of elastic boundary conditions, open angle, ratio of thickness to radius and thickness discontinuity on natural frequencies of spherical shells are investigated. Results show that meridinoal and circumferential displacements have obvious effects on natural frequencies, and the influence of thickness discontinuity seriously depends on the location of discontinuity.
Introduction
In building roofs, LNG tanks, offshore structures, nuclear power plants and other engineering structures, spherical shells are extensively used. Many times those structures are subjected to various external loads, such as earthquakes and sea waves, and the loads are of serious consequence for the strength and safety. Herein, knowing vibration characteristics plays an important role in design process. To this end, vibrations of spherical shells were investigated in past years and are also attracting attentions of more and more scholars nowadays.
In general, the research method analyzing vibrations of spherical shells can be classified as three categories: analytical method , numerical method [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] and experimental method [38] . For analytical method, selecting appropriate displacement functions is the most important aspect. Although Legendre functions are usually adopted [2, 3, [6] [7] [8] [9] [10] [11] [13] [14] [15] , those functions significantly increase difficulties in solving natural frequencies due to the complex values. Niordson [14, 15] decomposed Legendre functions into real and imagine parts and the frequency equation could be correspondently solved in real number region. However, the form of displacements is uncertain around the critical frequency. Except for Legendre functions, Bessel functions were also used by some scholars, such as Kalnins and Naghdi [1] , Hoppmann II [4] and Kalnins [5] , to express the displacement functions of spherical shells. However, only shallow spherical shells can be accurately analyzed. Chakrabarti [12] adopted elementary (algebraic) functions to study radial vibrations of spherical shells. Lee [17] employed Chebyshev polynomials and Fourier series to express the displacement functions of spherical caps. Then, Lee [18] used the same method to analyze free vibration a hermetic capsule consisting of one cylindrical shell and two hemispherical shells. Standard Fourier series with auxiliary functions were adopted by Su et al. [19] to express displacement functions of functionally graded spherical shells. Chernobryvko et al. [20] used the eigenmodes of the cantilever beam to approximate eigenmodes of axisymmetric shells and presented natural frequencies of a spherical shell of clamped-free boundary conditions. Excepting two-dimensional shell theory, three-dimensional method was adopted by Chen and Ding [16] and Kang [21] to study vibrations of multi-layered hollow spheres and shallow spherical domes, respectively.
Numerically solving governing equations [22, 23, [30] [31] [32] [33] and discretizing spherical shell [24] [25] [26] [27] [28] [29] [34] [35] [36] [37] are two main numerical methods to analyze vibrations of spherical shells. Zarghamee and Robinson [22] used the Holzer method to analyze free vibrations of spherical shells. Souza and Croll [23] investigated free vibrations of spherical shells by the finite difference method. Artioli and Viola [30] and Tornabene and Viola [31] used the generalized differential quadrature method (GDQ) to evaluate natural frequencies of spherical shells. Simmonds and Hosseinbor [32, 33] adopted a perturbation method to study free and forced vibrations of a closed elastic spherical shell fixed to an equatorial beam. As similar with other shell structures, finite element method [24, 26, 29] and semi-analytic finite element method [27] are the most common discrete methods to study vibrations of spherical shells. By using circular arc to represent the generic segment of the shell of revolution, Singh [25] adopted Bezier polynomials to study free vibrations of shells of revolutions. Piecewise Hermite interpolation polynomial and Fourier approximation were used by Wu and Heyliger [28] to expand approximately unknown displacements and forces in azimuthal and circumferential directions, respectively. By combining the modified variational principle with multi-segment partitioning procedure, Qu et al. [34] studied free and forced vibrations of functionally graded shells of revolution through adopting Fourier series and polynomials to expand the displacements. Choi et al. [35] used the Sylvester-transfer stiffness coefficient method to study free vibrations of axisymmetric shells. Before establishing the governing equation, axisymmetric shells were divided into lots of narrow strips and those strips were treated approximately as conical shells. Naghsh et al. [36] used the meridional finite strip method to investigate free vibrations of general shells of revolution, and natural frequencies of a spherical shell with constant and linearly variable thickness in the meridional direction were presented. Cui et al. [37] proposed a nodal integration model for elasticstatic, free vibration and forced vibrations of axisymmetric thin shells by using two-node truncated conical elements.
In most above cited literature, the thickness of shell is uniform and only classic boundary conditions are taken into account. However, in practical engineering applications, boundary conditions may not be fixed in a classic restraint, and a variety of boundary conditions, such as elastic ones, may be encountered. In addition, non-uniform thickness, e.g. continuous variational thickness and stepped thickness, is also widely adopted to efficiently improve structural strength without obviously increasing the weight. At this context, proposing an accurate and efficient method for vibration analysis of thin spherical shells with arbitrary boundary conditions and non-uniform thickness is meaningful.
The main purpose of the paper is to present an approach to analyze free vibrations of thin spherical shells with arbitrary boundary conditions and non-uniform thickness. First, the spherical shell is decomposed into lots of narrow strips, which are approximately treated as conical shells. Then, Flügge thin shell theory is employed to describe equations of motions of those conical strips, and displacement functions are expressed as power series. Finally, the governing equation is established through assembling continuity and boundary conditions. Based on the proposed method, effects of elastic boundary conditions, open angles, thickness discontinuity and other parameters on vibration characteristics of spherical shells are investigated. The present method is believed to include following novelties. It offers an accurate and efficient method to investigate free vibrations of spherical shells with elastic boundary conditions. In addition, it is applicable to deal with both uniform and non-uniform thickness. Last but not least, as spherical shells are coupled with thin cylindrical, conical and/or spherical shells, the continuity conditions between spherical shells and other shells can be accurately satisfied by present method. Vibrations of this kind of coupled structures are rarely studied whereas vibrations of coupled cylindrical-cylindrical, conical-cylindrical and conical-conical shells have been relatively extensively studied. and denote the azimuthal and circumferential coordinates in spherical coordinate system. and are the azimuth angles of two edges. In order to establish the governing equation of the spherical shell, the shell is divided into many narrow strips along the short dash lines in Fig. 1(b) , and the strips are approximately treated as conical shells. Meanwhile, the thickness of any narrow strip, which may be variational, can be equivalently dealt as constant one when the strips are narrow enough. Radii of two ends of the strip are same as the radii of two circles of edges of the corresponding strip, and the axial length is the axial distance between the two circles. Then, on the basis of Flügge thin shell theory, power series are adopted to expand displacements of conical shells. Consequently, for a particular circumferential mode number, displacements and forces at the cross-section of one strip can be expressed in terms of eight unknown coefficients. Lastly, four continuity conditions of displacements and four equilibrium equations of forces of adjacent two strips are used to assemble those strips to the spherical shell. With the help of boundary conditions, the final governing equation analyzing vibrations of spherical shells is established.
If north and/or south poles are included in the spherical shell, the poles should be cut so that the strip closing to the pole can be treated as truncated conical shells. In addition, the hole must be small enough to avoid big errors. In the following analysis, the azimuth angle of edge is = 0.1° for the north pole while the azimuth angle of edge is = 179.9° for the south pole. At those added edges, free boundary conditions are adopted. 
Equations of motion of conical shells
The local coordinate system, displacements and forces of a conical shell are shown in Fig. 2 . is the meridional coordinate and it's measured from the middle of the strip. is the circumferential coordinate and it's same with that of the spherical shell. 1 and 2 are the radii of small and large ends, respectively. 0 is the mean radius and is the radius at . is the semi-vertex angle. , and are the displacements in meridional, circumferential and normal directions. = / denotes the slope. is the bending moment resultant, is the meridional force resultant, and and are the normal and circumferential Kelvin-Kirchhoff shear force resultants, respectively. By utilization of Flügge shell theory, equations of motion of a conical shell are [39] :
where ℎ and are the thickness and density, respectively. Differential operators ( , = 1, 2, 3) can refer to Ref. [40] .
For a given circumferential mode number, power series are employed to express displacement functions [41] :
In Eq. (2), the recurrence relations of , , , , , have been detailedly deduced in the authors' recently opened paper [40] . With the help of the recurrence relations, only eight unknown coefficients, , , , , , , , , , , , , , , , , exist in the displacement functions. Omitting subscript , the displacement functions can be further expressed as:
where the vectors , , and are:
In Eq. (4), ( ), ( ) and ( ) ( = 1-8) are the base functions. It must be mentioned that only torsionless axisymmetric modes ( ≠ 0, ≠ 0, = 0), namely breathing modes, are accounted for in the following analysis. In addition, in view of differences of semi-vertex angles of two adjacent strips, displacements and forces will be considered in the cylindrical coordinate system. Correspondingly, four notations about some displacements and forces are introduced and they are:
= cos − sin , = cos + sin , = cos − ̅ sin , ̅ = ̅ cos + sin ,
where is the semi-vertex angle of the th strip, and are the axial and radial displacements, and and ̅ denote axial and radical force resultants, rather than meridional and normal ones. Substituting the functions of displacements into the expressions of slope and forces (Expressions of force resultants in terms of displacements are given in the Appendix), four displacements and four forces at the cross-section can be expressed as:
where
In Eqs. (8) and (9), the detailed expressions of Φ , which represents , , , , , , ̅ and , can be readily obtained and they are not given for the sake of brevity.
Boundary and continuity conditions
After all strips have been analyzed individually, the strips can be assembled through the continuity conditions. Fig. 3 shows the displacements and forces at the th junction, namely the junction between the th strip and ( + 1)th strip. The continuity conditions of displacements and equilibrium equations of forces are:
where and represent edges of adjacent strips at left side and right side of the th junction, respectively. Besides continuity conditions, boundary conditions are also indispensable. Artificial springs are employed to restrain the displacements at the ends, and corresponding equations are:
where, plus sign indicates boundary condition at = while minus sign indicates boundary condition at = . , , and are stiffness constants of artificial springs restraining meridional, circumferential and normal displacements and slop, respectively.
By assigning appropriate values of stiffness constants of artificial springs, both classic and elastic boundary conditions can be analyzed. In the following analysis, the stiffness constant is set as 0 if the corresponding displacement is free or is assigned as a large value (10 16 N/m) if the corresponding one is fixed, e.g. 
Final governing equation
Assuming that a spherical shell is decomposed into individual narrow strips, 8 unknown coefficients need to be solved for a given circumferential mode number. The final governing equation, Eq. (13), can be obtained by assembling all continuity conditions and boundary conditions in matrix form:
is a 8 ×1 vector of the unknown coefficients of all strips, and the expression of is:
where ( = 1: ) is the meridional length of the th strip. 
where [ ] is the matrix about stiffness constants of artificial springs, [ ] denotes the transformation matrix about the notations introduced in Eq. (6), and their detailed expressions are: 
Keeping circumferential number unchanged, is increased in an appropriately small step until the sign of the determinant of matrix changes, and corresponding eigenvalue is roughly obtained. Decreasing the step and repeating the same process, the eigenvalue, namely natural frequency, can be trapped with the desired accuracy. Meanwhile, substituting the eigenvalue back into Eq. (13) and setting one coefficient in vector to 1, all the other coefficients can be solved and the corresponding mode shape can be obtained.
Numerical results and discussion
In the following analysis, all natural frequencies are expressed as frequency parameters, Ω =
(1 − ) ⁄ .
Convergence and validity
First, the convergence of present method for asymmetric vibrations of a clamped spherical shell with different open angles and ratios of thickness to radius is discussed. Before convergence analysis, a notation, Δ , is introduced and it denotes the difference of azimuth angles of two edges of one strip, as shown in Fig. 1 . For the sake of brevity, the value of Δ is constant for one kind of decomposition, and different values of Δ essentially indicate different numbers of strips, e.g. Δ = 1° denotes 60 strips as = 60° and 90 strips as = 90°. The influence of the number of strips on frequency parameters is listed in Table 1 , and Fig. 4 shows some mode shapes. In the table, denotes mode number in meridional direction. As Δ decreases, frequency parameters rapidly converge, and the ones of Δ = 0.5° satisfy the requirement of convergence. More importantly, the difference of frequency parameters of present method and those in the literature is negligible, which demonstrates high accuracy of present method. Furthermore, although the thin shell theory is adopted, present method can still predict accurately natural frequencies as the ratio of thickness to radius ℎ ⁄ reaches 0.05. The convergence of frequency parameters of axisymmetric modes of a clamped spherical shell is presented in Table 2 . Compared with asymmetric modes, the rate of convergence for axisymmetric modes is slower. Some axisymmetric mode shapes are shown in Fig. 5 , and it's seen that the amplitudes of mode shapes have obvious variation at the region closing to the pole, which explains why more strips are required to satisfy the requirement of convergence. It's further observed that the convergence rate of frequency parameter of the spherical shell with = 30° is obviously slower than the others, which is mainly attributed to higher frequency parameters and similar variations of amplitudes at much smaller region for the same meridional mode. Last but most important, excellent agreement of frequency parameters of present method and literature is observed. That's to say the axisymmetric vibrations can be also accurately analyzed by present method. To further illustrate high accuracy and wide application of present method, more comprehensive comparisons of frequency parameters are tabulated in Table 3 . A spherical shell with four kinds of open angles, three different ratios of thickness to radius and two different boundary conditions are considered. It's observed that, as the ratio of thickness to radius is small, e.g. ℎ ⁄ = 0.005 and ℎ ⁄ = 0.01, frequency parameters of present method coincide exactly with the ones in literature for all four kinds of open angles. As ℎ ⁄ increases to 0.05, obvious differences can be found for some modes if open angle is small. It's further found that, for the same circumferential and meridional mode numbers, frequency parameters of the spherical shell with small open angle are obvious larger than those of the spherical shell with large open angle. In addition, classical thin shell theory is employed by present paper while the first-order shear deformation theory is used in [24] , and differences of those two theories are negligible at low frequency. All those mentioned reasons lead to obvious differences for some modes when ℎ ⁄ is 0.05. From Table 3 , it can be also observed that frequency parameters of the shell with clamped boundary conditions are expectedly larger than those of the shell with hinged boundary conditions, and the frequency parameters increase as the ratio of thickness to radius increases. In above analysis, only one edge is considered in the spherical shell. In Table 4 , frequency parameters of a spherical shell with one or two free edges are presented. It's observed that frequency parameters of present method agree well with the ones in [14] 
The effect of open angle will be particularly investigated in the following. Based on above comparisons of frequency parameters of present method and literature, it can be concluded that present semi-analytic method can accurately analyze free vibrations of thin opened spherical shells. Fig. 6 presents effects of boundary conditions on the frequency parameters of a spherical shell with three different open angles. It's observed that, as circumferential mode number is not less than 2, no matter what boundary conditions are, tendencies of frequency parameter versus circumferential mode number are identical, which means the increase of circumferential mode number leads to the increase of frequency parameter. However, as the circumferential mode number varies from 0 to 2, increasing circumferential mode number may lead to the increase or decrease of frequency parameter, which depends on the boundary conditions, open angle and meridional mode number. It's also observed that, for a particular circumferential mode number, the frequency parameter of the mode with larger meridional mode number is always larger than the one with small meridional mode number. In addition, for = 0 and = 1, frequency parameters of are larger than the ones of , which is attributed to that the rigid modes are not considered for . In Fig. 7 , influences of elastic boundary conditions on free vibrations of a hemispherical shell are shown. Before analyzing the effects of elastic boundaries, it should be mentioned that only three curves in Fig. 7(a) , which results from that the circumferential displacement is always 0 for = 0. In addition, every curve denotes that only one displacement is elastically restrained and the other three are fixed. It's observed that effects of meridional and circumferential displacements are obviously greater than normal displacement and slope. However, with the increase of circumferential mode number, the effect of circumferential displacement becomes greater than meridonal displacement. Meanwhile, influences of normal displacement and slope become obvious as the circumferential mode number varies from 0 to 2. It's further observed that the appropriate value of stiffness constant, which can significantly affect natural frequencies, is different for different circumferential mode numbers and directions of displacements, which is attributed to different values of stresses.
Effects of boundary conditions

Effects of open angle
In Section 3.1, it is pointed out that the open angle has great influence on frequency parameters. In this section, influences of the open angle are discussed in detail. Fig. 8 and Fig. 9 show the effects of the open angle on frequency parameters of the free and clamped spherical shell, respectively. For free boundary conditions, on the one hand, the increase of the open angle can increase the frequency parameter as the open angle is small. On the other hand, for no small open angle, the increase of open angle may lead to the increase or decrease of frequency parameter, which depends on the circumferential and meridional mode numbers. For clamped boundary conditions, with the increase of open angle, the frequency parameter always decreases as the circumferential mode number varies from 0 to 3 and meridional mode number changes from 1 to 3. In addition, as the circumferential mode number increases from 0 to 3, the decrease speed of frequency parameter becomes slower and slower as open angle is larger than 45°. 
Effects of thickness to radius ratio
Effects of the ratio of thickness to radius on frequency parameters are presented in Fig. 10 and Fig. 11 . Generally, frequency parameters are increased by the increase of the ratio of thickness to radius. However, effects of the ratio of thickness to radius on frequency parameters are dependent on the mode shape, open angle and boundary conditions. As the open angle increases, effects of the ratio of thickness to radius rapidly decrease, especially for = 0 and = 1, frequency parameters of which keep basically unchanged.
Effects of thickness discontinuity
In above study, the thickness of the shell is uniform, and non-uniform thickness can be also analyzed by present method. As a special case, a two-stepped hemi-spherical shell is employed and Fig. 12 shows the schematic diagram.
Influences of the location of thickness discontinuity on frequency parameters of the free and clamped hemispherical shell are presented in Fig. 13 and Fig. 14 , respectively. It's observed that tendencies of frequency parameters versus azimuth angle vary with circumferential mode numbers and boundary conditions. However, no matter what the modes and boundary conditions are, the tendencies of ℎ ℎ ⁄ = 0.5 and ℎ ℎ ⁄ = 2 are basically opposite. In the following analysis, effects of the discontinuity on frequency parameters of the hemispherical shell with ℎ ℎ ⁄ = 2 are discussed in detail. For the free hemispherical shell with ℎ ℎ ⁄ = 2, the increase of azimuth angle of discontinuity may lead to the increase or decrease of frequency parameters as circumferential mode number is 0 and 1. Nevertheless, as circumferential mode number is 2 and 3, frequency parameter certainly decreases as the azimuth angle of discontinuity increases. It's further observed that, as the azimuth angle of discontinuity is small, effects of azimuth angle of discontinuity are negligible for = 2 and = 3, which is different from those of = 0 and = 1. For the clamped hemispherical shell with ℎ ℎ ⁄ = 2, the tendencies of = 0 and = 1 are simpler than those of = 2 and = 3. Frequency parameters firstly increase and then decrease as the azimuth angle of discontinuity increases for = 0 and = 1. For = 2 and = 3, as shown in Fig. 14(c) and (d) , frequency parameters firstly decrease and then increase. Finally, as the azimuth angle closes to 90°, frequency parameters decrease again. 
Conclusions
In present paper, a semi-analytical method was proposed to analyze both axisymmetric and asymmetric modes of spherical shells with elastic boundary conditions and discontinuity in thickness. To establish the governing equation, the spherical shell is firstly divided into many narrow strips, which are approximately treated as conical shells. Based on Flügge thin shell theory and power series method, displacements and forces at the cross-section of strips are expressed in terms of eight unknown coefficients. Lastly, continuity conditions of adjacent strips and boundary conditions are assembled to the final governing equation. By comparing frequency parameters of present method with those in literature, high accuracy and wide application of present method are verified. As circumferential mode number is small, frequency parameter may increase or decrease as circumferential mode number increases. On the other hand, the increase of circumferential mode number certainly results in the increase of frequency parameters for no small circumferential mode number. The effects of stiffness constants of elastic boundaries illustrate that meridional and circumferential displacements have the greatest effects on frequency parameters, and the effects of normal displacement and slope becomes obvious as circumferential mode number varies from 0 to 3. For = 0°, increasing the open angle can significantly reduce the frequency parameters as the open angle is small. However, as the open angle is greater than 125°, the increase of open angle may lead to the increase or decrease of frequency parameters, which strongly depends on the boundary conditions and circumferential mode number. The frequency parameters increase as the ratio of thickness to radius increases. Nevertheless, for = 0 and = 1, the effect of the ratio thickness to radius is negligible as open angle is between 90° and 135°. The location of thickness discontinuity is of great influence on frequency parameters, and the influence strongly depends on the boundary conditions, circumferential mode number and thickness ratio ℎ ℎ ⁄ . The proposed method can accurately and efficiently analyze free vibrations of spherical shells. In the subsequent work, spherical shells coupled with other revolution shells, e.g. cylindrical and conical shells, will be investigated since continuity conditions between spherical shells and others can be accurately satisfied without difficulty. In addition, it should be mentioned that the continuity conditions may be the bottleneck to analyze vibrations of coupled spherical-cylindrical or spherical-conical shells because there are many papers studying coupled cylindrical-cylindrical, conical-conical and cylindrical-conical shells whereas the literature about couple shells including spherical shells is rare.
